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Abstract
We study the existence of constrained fixed points of contractions in arbitrary complete metric spaces
from a global and local point of view. In particular, we provide generalizations of results due to Lim,
Downing and Kirk and others. Some aspects of the topological transversality in the spirit of Frigon and
Granas of contractions under constraints are also considered.
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1. Introduction
This paper contains some results related to the existence of fixed points of contractions and
directional contractions. The stress will be laid on the case of contractions which are not defined
on a whole space. Let F :K X be a set-valued contraction with closed values defined on a
closed subset K of a complete metric space X. It is clear that—in general—F has no fixed points.
However, under additional assumptions concerning the behavior of F on the boundary ∂K of K ,
fixed points exist.
It seems that the most interesting result in this direction is due to Lim [7]:
Theorem 1.1. (Lim [7]) Let K be a closed subset of a Banach space E. Consider a contraction
F :KE with closed values satisfying an inwardness condition:
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where, for x ∈ K , the inward set IK(x) is defined as follows:
IK(x) := x +
{
h(y − x) | h 1, y ∈ K}. (2)
Then F has a fixed point.
Our aim is to state a theorem that generalizes the above result to the context of an arbitrary
complete metric space. To this end, given a complete metric space X, a closed set K ⊂ X and a
point x ∈ K we shall introduce a generalized inward set I˜K(x). It appears that if X is a Banach
space then IK(x) ⊂ I˜K(x), in general. Moreover, the proof of our result (see Theorem 2.1 below)
is simpler than the technical and long proof of the Lim theorem. We shall go even further. Namely,
we shall obtain a local version of this result.
The following well-known Caristi theorem will be used several times.
Theorem 1.2. (Caristi [1]) Assume that F :XX is a set-valued mapping and, for each x ∈ X,
there is y ∈ F(x) such that
d(x, y) e(x)− e(y), (3)
where e :X →R+ is a lower semicontinuous function. Then F has a fixed point.
Let X be a metric space. If A ⊂ X, then by A and ∂A we denote the closure and the boundary
of A, respectively. If A ⊂ K then ∂KA denotes the boundary of A relatively to K . The distance
between a point x and a subset A ⊂ X, i.e. infa∈A d(x, a), will be denoted by d(x,A) or dA(x).
We say, that a set-valued mapping F :KX is a k-contraction (k < 1), if, for any two points
x, y ∈ K ,
dH
(
F(x),F (y)
)
 kd(x, y),
where dH is the Hausdorff distance, i.e. dH (A,B) := max{d+H (A,B), d+H (B,A)} and
d+H (A,B) := supb∈B d(b,A) for A,B ⊂ X.
Suppose that E is a normed space and K ⊂ E is closed. Recall the definition of the inward
set of a set K in a point x:
IK(x) := x +
{
h(y − x) | h 1, y ∈ K}.
It can be shown (see, e.g., [11]) that
IK(x) =
{
y ∈ E
∣∣∣∣ inf
h∈(0,1]
dK(x + h(y − x))
h
= 0
}
.
The concept of inward set works only in linear spaces. However, one can introduce an analo-
gous set in any metric space. First, we start with definitions of segments.
By a linear segment in a vector space E, joining x, y ∈ E we mean the set
lin[x, y] := {(1 − h)x + hy ∈ E | h ∈ [0,1]}= conv{x, y},
and by a linear left-open segment lin(x, y] := lin[x, y] \ {x}. In any metric space (X,d) one can
consider a metric segment defined by the formula: for x, y ∈ X,
[x, y] := {z ∈ X | d(x, z)+ d(z, y) = d(x, y)}
and a metric left-open segment (x, y] := [x, y] \ {x}.
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strictly convex normed spaces,1 these two concepts coincide.
Now, one can define a generalized inward set in the case, when K is a closed subset of any
metric space X:
I˜K(x) := {x} ∪
{
y ∈ X, y = x
∣∣∣∣ inf
z∈(x,y]
1
d(z, x)
dK(z) = 0
}
.
For a given real number 0 < α < 1, let us define an auxiliary set JαK(x)2 by the formula:
JαK(x) :=
{
y ∈ E | ∃x′∈K,x′ =x αd(x, x′)+ d(x′, y) d(x, y)
}
.
Relations between sets defined above are collected in the following lemma.
Lemma 1.3. If K is a closed subset of a metric space X and 0 < α < 1, then I˜K(x) ⊂ {x} ∪
JαK(x). If, in addition, X = E is a normed space, then IK(x) ⊂ I˜K(x). Moreover, if E is strictly
convex, then IK(x) = I˜K(x).
Proof. Let y ∈ I˜K(x) \ {x}. From the definition of I˜K(x), for any ε < 1, there exists z belonging
to a metric segment (x, y] such that
dK(z)
d(z, x)
< ε.
Hence, there is a point x′ ∈ K such that
d(x′, z) < εd(z, x).
Evidently, x = x′ and the following inequalities hold:
αd(x, x′)+ d(x′, y) αd(x, z)+ αd(z, x′)+ d(x′, z)+ d(z, y)
< αd(x, z)+ (α + 1)εd(z, x)+ d(z, y) < d(x, z)+ d(z, y)
= d(x, y)
for ε < 1−α1+α .
Suppose now that X = E is a normed space. The inclusion IK(x) ⊂ I˜K(x) follows from the
definitions of these sets.
Finally, if E is a strictly convex normed space, then linear segments are equal to metric ones.
It proves the equality between the inward set and the generalized inward set. 
Example 1.4. Let us consider the two-dimensional linear space E = R2, its closed subset
K = {z = (x, y) ∈ R2 | √x2 + y2 = 1} and a point z0 = (1,0). On E we consider the norm
‖(x, y)‖1 = |x| + |y|. Then:
IK(z0) =
{
(x, y) ∈R2 ∣∣ x  1, √x2 + y2  1}, but
I˜K(z0) =
{
(x, y) ∈R2 ∣∣ y = 0 or x −1}∪ {z0}.
1 A space E is strictly convex, if for any two different points x and y with ‖x‖,‖y‖  1, the inequality holds:
‖ x+y2 ‖ < 1.
2 This set is introduced in [6].
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The following theorem is a generalization of Lim’s theorem.
Theorem 2.1. Let K be a closed subset of a complete metric space X. Let us consider a set-
valued contraction F :KX with closed values. If F satisfies an inwardness condition:
for all x ∈ K F(x) ⊂ I˜K(x), (4)
then F has a fixed point.
Proof. Assume that the conclusion is false. Choose l and β such that 0 < k < l < l +β < 1, and
define a metric D on the graph G := Gr(F ) = {(x, y) ∈ K ×X | y ∈ F(x)} of F :
D
(
(x, y), (x′, y′)
) := max{d(x′, x), 1
l
d(y′, y)
}
, (x, y), (x′, y′) ∈ G. (5)
Obviously, (G,D) is a complete metric space.
Now, we shall construct a map ϕ :G → G without fixed points, but satisfying the assumptions
of the Caristi theorem. To this end, let (x, y) ∈ G. By Lemma 1.3, y ∈ F(x) ⊂ I˜K(x) \ {x} ⊂
J
l+β
K (x). Hence, there is x
′ ∈ K , x′ = x such that
(l + β)d(x, x′)+ d(x′, y) d(x, y). (6)
On the other hand, dH (F (x),F (x′)) < ld(x, x′); therefore there is a point y′ ∈ F(x′) such that
d(y, y′) < ld(x, x′). (7)
Let ϕ(x, y) := (x′, y′). It is clear that ϕ has no fixed points. However, in virtue of (6) and (7),
d(y′, x′)+ βd(x, x′) d(y′, y)+ d(y, x′)+ βd(x, x′)
< (l + β)d(x, x′)+ d(y, x′) d(x, y).
Hence βd(x, x′) d(x, y)− d(x′, y′). Similarly, thanks to (7),
β
1
l
d(y′, y) βd(x′, x) d(x, y)− d(x′, y′).
It means that βD((x, y),ϕ(x, y)) d(x, y)− d(ϕ(x, y)). Therefore
D
(
(x, y),ϕ(x, y)
)
 e(x, y)− e(ϕ(x, y)),
where e(x, y) := d(x, y)/β . From Caristi’s theorem it follows that ϕ has a fixed point: a contra-
diction. 
It appears that the assumption (1) cannot be changed to the weaker one: for every x ∈ K
F(x) ∩ IK(x) = ∅. One can find an adequate example in [11]. Nevertheless, the theorem below
holds.
Theorem 2.2. (Downing, Kirk [3]) Let K be a closed subset of a Banach space E. Consider a
set-valued contraction F :KE with closed values satisfying the condition:
for all x ∈ K F1(x)∩ IK(x) = ∅, (8)
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F1(x) :=
{
y ∈ F(x) ∣∣ d(x, y) = d(x,F (x))}.
Then F has a fixed point.
We shall generalize the above result in the same spirit as Theorem 2.1 generalizes Lim theo-
rem. Namely, a Banach space will be replaced by any complete metric space and an inward set
by a generalized inward set.
Theorem 2.3. Let K be a closed subset of a complete metric space X. Consider a contraction
F :KX with closed values satisfying the inwardness condition:
for all x ∈ K F1(x)∩ I˜K(x) = ∅. (9)
Then F has a fixed point.
We need the following lemma:
Lemma 2.4. Let x ∈ U ⊂ K ⊂ X and a fixed-point-free set-valued mapping F :UE with
closed values which satisfies the condition
F1(x)∩ I˜K(x) = ∅.
Let 0 < α < 1. Then there exists x = x′ ∈ K such that
αd(x, x′)+ d(x′,F (x)) d(x,F (x)).
Proof. Choose a point y ∈ F1(x)∩ I˜K(x). From Lemma 1.3, y ∈ JαK(x). There is a point x′ ∈ K
such that αd(x, x′)+ d(x′, y) d(x, y). Hence:
αd(x, x′)+ d(x′,F (x)) αd(x, x′)+ d(x′, y) d(x, y) = d(x,F (x)). 
Proof of Theorem 2.3. Choose any k < α < 1. Suppose on the contrary that F is fixed-point-
free. Assumptions of Lemma 2.4 are satisfied for a set U := K . Hence, for any point x ∈ K , there
exists a point y ∈ K , y = x, such that
αd(x, y)+ d(y,F (x)) d(x,F (x)).
The map F , being a contraction, is H -upper semicontinuous.3 Conditions (i) and (ii) from the
Song theorem (for a completeness, this theorem is included below) are fulfilled. Therefore, F has
a fixed point. 
Theorem 2.5. (Song [9]) Let K be a closed subset of a complete metric space X. Suppose that
an H -upper semicontinuous mapping F :K X is a directional k-contraction in the sense of
Song, i.e. there is a constant k < α < 1 such that, for every point x ∈ K with x /∈ F(x), there
exists y ∈ K \ {x} such that
3 A map F :X  Y is H -upper semicontinuous, if for every x ∈ X and ε > 0 there exists δ > 0 such that
d+
H
(F(x),F (x′)) < ε for x′ ∈ B(x, δ).
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(ii) dH (F (x),F (y)) kd(x, y).4
Then F has a fixed point.
It is clear that the concept of a directional contraction in the sense of Song generalizes the
notion of a directional contraction due to Clarke [2] and the above theorem seems to be an
interesting generalization of the Clarke theorem.
3. Local fixed point theorems
In this section we shall present local versions of the theorems of Caristi [1], Song [9] and The-
orems 2.1 and 2.3. The domain of considered mappings is an open ball in a closed subspace K ,
i.e. BK(x0, r) = {x ∈ K | d(x, x0) < r}. Of course, without any additional assumptions, such
mappings, in general, do not admit fixed points. We shall assume that the set F(x0) lies not to far
from the point x0. In the whole section (X,d) denotes a complete metric space, x0 is any point
of X, and r > 0 is a positive number.
Let us state a local version of the Caristi theorem.
Theorem 3.1. Let F :B(x0, r)X be a set-valued mapping. Assume that, for each x ∈ B(x0, r),
there exists y ∈ F(x) such that
d(x, y) e(x)− e(y), (10)
where e :X →R+ is a lower semicontinuous function. If
e(x0) < r, (11)
then F has a fixed point.
Proof. Select a number 0 < ε < 1 such that e(x0)/ < r . From the Ekeland variational principle
(see, e.g., [4]) applied to the function e and the point x0, it follows that there is x ∈ X such that
εd(x, x0)  e(x0) (hence x ∈ B(x0, r)) and e(x) < e(y) + εd(y, x) for y = x. By (10), there
exists y ∈ F(x) such that
e(y)+ d(x, y) e(x). (12)
If x = y, then e(x) < e(y) + εd(y, x): a contradiction with (12). This proves that x =
y ∈ F(x). 
Now, we shall provide a local version of Song’s result. Let K be a closed subset of a complete
metric space X and 0 < k < 1. A set-valued mapping F :V = U ∩ K  X, where U is open
in X, is a local k-directional contraction in the sense of Song, if there exists a constant α ∈ (k,1)
such that for every x ∈ V with x /∈ F(x), there exists a point y ∈ K \ {x} such that
(i) αd(x, y)+ d(y,F (x)) d(x,F (x)).
(ii) If y ∈ V then d+H (F (y),F (x)) kd(x, y).
4 As was shown e.g. in [10] one can replace dH (F (x),F (y)) by a d+H (F(y),F (x)).
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raction in the sense of Song F :BK(x0, r)X such that
d
(
x0,F (x0)
)
< (α − k)r,
admits fixed points (α is the constant from the definition of the local directional contraction).
Proof. Suppose that F has no fixed points. Then one can define a function ϕ :BK(x0, r) → K ,
which to any x ∈ BK(x0, r) assigns a point y from the definition of the local contraction. Hence,
ϕ has no fixed points. Define e :K →R+ by the formula:
e(x) :=
{ 1
(α−k)d(x,F (x)), x ∈ BK(x0, r),
0, x /∈ BK(x0, r).
The function e is nonnegative and lower semicontinuous in view of the H -upper semiconti-
nuity of F . We shall show that the assumptions of Theorem 3.1 are fulfilled. Clearly e(x0) < r .
Denote y := ϕ(x) for x ∈ BK(x0, r). If y ∈ BK(x0, r), then
d
(
x,F (x)
)
 αd(x, y)+ d(y,F (y))− dH (F(y),F (x)) (α − k)d(x, y)+ d(y,F (y)).
Hence d(x, y) e(x)− e(y). If y /∈ BK(x0, r), then
d(x, y) 1
α
d
(
x,F (x)
)
 1
α − k d
(
x,F (x)
)= e(x) = e(x)− e(y).
From Theorem 3.1, ϕ has a fixed point: a contradiction. 
Now, we shall state a local version of Theorem 2.1.
Theorem 3.3 (Local theorem of Lim). Let K be a closed subset of a complete metric space X
and x0 ∈ K . Let F :BK(x0, r)X be a set-valued k-contraction such that
F(x) ⊂ I˜K(x) (13)
for all x ∈ BK(x0, r), and d(x0,F (x0)) < (1 − k)r . Then F admits a fixed point.
Proof. Our proof will repeat some arguments from the proof of Theorem 2.1, but instead of the
Caristi theorem, Theorem 3.1 will be used. Suppose on the contrary that F has no fixed points.
Choose numbers l and β such that 0 < k < l < l + β < 1 and d(x0,F (x0)) < βr . Let
G := {(x, y) ∈ K ×E ∣∣ (x ∈ B and y ∈ F(x)) or (x /∈ B)},
where B := BK(x0, r), and define a metric D on G as in (5). Obviously, (G,D) is complete.
Additionally, let
G1 :=
{
(x, y) ∈ G | x ∈ B}.
Since d(x0,F (x0)) < βr , there is y0 ∈ F(x0) such that d(x0, y0) < βr . Clearly
BG
(
(x0, y0), r
)⊂ G1.
Take any (x, y) ∈ G1. As in Theorem 2.1, choose a point x′ ∈ K , x′ = x, satisfying (6). If
x′ ∈ B , then one can select y′ ∈ F(x′) satisfying (7). If x′ /∈ B , then put y′ := y. The inequality
d(y, y′) < ld(x, x′) is still fulfilled. Let ϕ(x, y) := (x′, y′). Assumption (11) in Theorem 3.1 is
also satisfied: e(x0, y0) < r . A verification of the remaining assumption (10) goes as in the proof
of Theorem 2.1. Theorem 3.1 implies, that ϕ has a fixed point: a contradiction. 
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Theorem 3.4 (Local theorem of Downing and Kirk). Let K be a closed subset of a complete
metric space X, and a point x0 ∈ K . Let F :BK(x0, r)X be a set-valued k-contraction with
closed values and assume that F satisfies the inwardness condition:
F1(x)∩ I˜K(x) = ∅ (14)
for each x ∈ BK(x0, r). Then F admits a fixed point, provided
d
(
x0,F (x0)
)
< (1 − k)r.
Proof. Choose a real k < α < 1 such that d(x0,F (x0)) < (α−k)r . Suppose that the map F does
not have any fixed points. From Lemma 2.4, for any point x ∈ BK(x0, r) there is another point
y ∈ K , y = x such that
αd(x, y)+ d(y,F (x)) d(x,F (x)).
Hence, F is a local contraction in the sense of Song and—as a contraction—H -usc. Conditions
of the local theorem of Song (3.2) are satisfied. Hence F has a fixed point. 
4. Continuation principles under constraints
In this section we shall show that, under suitable assumptions, the fixed point set of a con-
traction does not vanish under homotopies. We shall present generalizations of theorems due to
Frigon and Granas [5] and Sims, Xu and Yuan [8]. In above results a homotopy was defined on
the closure of an open subset U of a complete metric space (X,d). We shall show how these
results may be carried over the case of a relatively open subset V of a closed subset K ⊂ E.
In order to prove theorems of Frigon and Granas and Sims, Xu and Yuan the local theorem of
Nadler was used. In this case another tools are needed; namely, results proved in Section 3.
If F :A B is a set-valued mapping, where A ⊂ B , the fixed point set of F , i.e. {a ∈ A |
a ∈ F(a)} is denoted by Fix(F ). Additionally, let I := [0,1].
Theorem 4.1. (Frigon, Granas [5]) Let U be an open subset of a complete metric space (X,d).
Consider a homotopy H : I ×UX with closed bounded nonempty values, which satisfies the
following conditions: for any two points x, y ∈ U and numbers t, s ∈ I
(a) dH (H(t, x),H(t, y)) kd(x, y),
(b) dH (H(t, x),H(s, x)) |ϕ(t)−ϕ(s)|, where ϕ : I →R is a continuous and increasing func-
tion,
(c) FixH(t, ·)∩ ∂U = ∅.
If FixH(0, ·) = ∅, then FixH(1, ·) = ∅.
Let us observe that the main ingredients of the proof of Theorem 4.1 may be summarized in
the following lemma.
Lemma 4.2. Consider a closed subset C of a complete space X and a homotopy H : I ×CX
with closed bounded nonempty values satisfying for any x ∈ C and t, s ∈ I condition of The-
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defined:
Q := {(t, x) ∈ I ×C | x ∈ H(t, x)} = ∅ (15)
with an order  defined by the formula:
(t, x) (s, y) ⇔ t  s and d(x, y) 2(ϕ(s)− ϕ(t))
1 − k . (16)
Then, there exists a maximal element (t0, x0) ∈ Q (of course x0 ∈ H(t0, x0)).
Proof.5 It is sufficient to prove that every chain P ⊂ Q has an upper bound. Let
t	 := sup{t | (t, x) ∈ P for some x}.
We say that a sequence (tn, xn) ∈ P is admissible, if is monotone and tn → t	. For such a se-
quence
d(xn, xm)
2(ϕ(tn)− ϕ(tm))
1 − k →m→∞ 0, for m< n, (17)
so the sequence (xn) is convergent. Each two admissible sequences can be combined into one
admissible sequence. Hence, for every admissible sequence (sn, yn) we obtain yn → x	. We
know that xn ∈ H(tn, xn) and H is continuous, hence x	 ∈ H(t	, x	), and (t	, x	) ∈ Q. It is
obvious that (t	, x	) is an upper bound of P . 
Now, we are prepared to formulate and prove the following continuation principles under
constraints.
Theorem 4.3. Let K be a closed subset of a complete space X and V be an open (in K) subset
of K . Consider a homotopy H : I ×V X with closed bounded nonempty values satisfying the
following conditions:
(a) dH (H(t, x),H(t, y)) kd(x, y), for every points x, y ∈ V and every t ∈ I ,
(b) dH (H(t, x),H(s, x)) |ϕ(t)−ϕ(s)|, where ϕ : I →R is a continuous and increasing func-
tion, for every point x ∈ V and numbers t, s ∈ I ,
(c) FixH(t, ·)∩ ∂KV = ∅, for any t ∈ I ,
(d) (d1) H(t, x) ⊂ I˜K(x) for any x ∈ V and t ∈ I , or
(d2) H1(t, x)∩ I˜K(x) = ∅ for any x ∈ V and t ∈ I .
Then FixH(1, ·) = ∅ provided FixH(0, ·) = ∅.
Remark 4.4. If K = X, then condition (d1) is fulfilled and we get the Frigon–Granas theorem.
Proof. Let us use Lemma 4.2 for C = V and the homotopy H . The proof will be completed if
we show that t0 = 1. Suppose on the contrary that it is false. Condition (c) implies, that the max-
imal element x0 ∈ H(t0, x0) belongs to V . Therefore there is r0 > 0 such that BK(x0, r0) ⊂ V .
5 This proof is a main part of the original proof of Theorem 4.3 in [5].
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Hence:
d
(
x0,H(t1, x0)
)
 d
(
x0,H(t0, x0)
)+ dH (H(t0, x0),H(t1, x0))
 ϕ(t1)− ϕ(t0) < (1 − k)r.
The mapping H(t1, ·) restricted to BK(x0, r) satisfies the assumptions of Theorem 3.3 (when
(d1) holds) or Theorem 3.4 (if (d2) holds). Hence, H(t1, ·) has a fixed point x1, which belongs
to BK(x0, r); thus d(x0, x1) r . The choice of r implies that
d(x0, x1) r = 2(ϕ(t1)− ϕ(t0))1 − k .
Hence (t0, x0) (t1, x1), which contradicts the maximality of (t0, x0). 
One can also use the local version of Song’s theorem to obtain a similar result concerning
homotopies with sections being directional contractions in the sense of Song.
Theorem 4.5. Let K be a closed subset of a complete space X and V be an open subset of K .
Let us consider an H -upper semicontinuous homotopy H : I × V  E with closed bounded
nonempty values satisfying the following assumptions: for any t, s ∈ I
(a) H(t, ·) is a local directional k-contraction in the sense of Song, i.e. there exists a constant
k < α  1 such that for any x ∈ V , x /∈ H(t, x), there is a point y ∈ K , y = x such that:
(i) αd(x, y)+ d(y,H(t, x)) d(x,H(t, x)),
(ii) if y ∈ V then dH (H(t, x),H(t, y)) kd(x, y),
(b) dH (H(t, x),H(s, x))  |ϕ(t) − ϕ(s)| for any x ∈ V , where ϕ : I → R is a continuous and
strictly increasing function,
(c) FixH(t, ·)∩ ∂KV = ∅.
Then FixH(1, ·) = ∅ unless FixH(0, ·) = ∅.
In order to prove this fact, one can apply Lemma 4.2 to the set C = V , a homotopy H , and
the constant k0 := 1 − α + k < 1, and proceed as above.
The following result from [8] relaxes assumption of Theorem 4.1(b), but condition of Theo-
rem 4.1(c) is strengthened.
Theorem 4.6. (Sims, Xu, Yuan [8]) Let U be an open subset of a complete space X. There is a
homotopy H : I ×UX with closed bounded nonempty values that satisfies assumptions:
(a) for any x, y ∈ U and t ∈ I holds dH (H(t, x),H(t, y)) kd(x, y),
(b) for any positive ε > 0 there is δ > 0 such that for every x ∈ U and numbers t, s ∈ I
dH
(
H(t, x),H(s, x)
)
 ε
if |t − s| < δ,
(c) infx∈∂U inft∈[0,1] d(x,H(t, x)) > 0.
If FixH(0, ·) = ∅, then FixH(1, ·) = ∅.
It turns out that still a weaker condition than (c) is sufficient.
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H : I × V X with closed bounded nonempty values that fulfills the following conditions:
(a) for any points x, y ∈ V and any t ∈ I , dH (H(t, x),H(t, y)) kd(x, y) holds,
(b) for every positive ε > 0 there is δ > 0 such that for any point x ∈ V and reals t, s ∈ I
dH
(
H(t, x),H(s, x)
)
 ε,
if |t − s| < δ,
(c) infx∈Fix(H) d(x, ∂KV ) > 0, where Fix(H) :=⋃t∈I Fix(H(t, ·)),
(d) (d1) H(t, x) ⊂ I˜K(x) for every number t ∈ [0,1] and any point x ∈ V , or
(d2) H1(t, x)∩ I˜K(x) = ∅ for every number t ∈ [0,1] and any point x ∈ V .
If FixH(0, ·) = ∅ then FixH(1, ·) = ∅.
Proof. Let us define the set
W := {t ∈ [0,1] | H(t, ·) has a fixed point in V }.
Evidently, the set W is nonempty. We shall show that W is open as well as closed. This will
prove that 1 ∈ W .
Let us choose any number t0 ∈ W and a point x0 ∈ H(t0, x0). From (c) it results that x0 ∈ V .
There is a radius r > 0 such that BK(x0, r) ⊂ V . One can find a number η > 0 sufficiently small
to dH (H(t0, x0),H(t, x0)) < (1 − k)r , where t satisfies |t − t0| < η. For such t
d
(
x0,H(t, x0)
)
 dH
(
H(t0, x0),H(t, x0)
)
< (1 − k)r.
From Theorem 3.3 or 3.4 (if a condition (d1) or (d2), respectively, is satisfied) we get that the
mapping H(t, ·) has a fixed point. This shows that the set W is open.
To prove the closeness of W let us consider an arbitrary sequence W  tn → t and choose
xn ∈ H(tn, xn). Then
ηn := sup
x∈V
dH
(
H(tn, x),H(t, x)
)→ 0.
By (c), we get that
inf
n
d(xn, ∂KV ) > 0.
Hence, there exists δ > 0 such that BK(xn, δ) ⊂ V for any n 1 and an integer N such that
d
(
xn,H(t, xn)
)
 d
(
H(tn, xn),H(t, xn)
)
 ηn < (1 − k)δ
for n > N . Applying Theorem 3.3 or 3.4 again, we obtain that H(t, ·) has a fixed point xt,n ∈
BK(xn, δ) for nN . Hence, t ∈ W . This end the proof. 
The above arguments may be also repeated to an upper semicontinuous homotopy, whose
sections are directional contractions in the sense of Song. Under the assumptions of Theorem 4.7
one should remove (d) and replace condition (a) by condition 4.5(a). The proof goes through
analogously.
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Last, we shall try to relax the assumption of contractivity from Theorem 2.1. We require that
F satisfies a local contractivity property.
Theorem A.1. Let K be a closed subset of a complete space X, and F :KX be a set-valued
mapping. Suppose that there exist constants γ , k < 1, a point x0 ∈ K such that d(x0,F (x0)) < γ
and the following implication holds:
d(x, x′) < γ ⇒ dH
(
F(x),F (x′)
)
 kd(x, x′).
If F(x) ⊂ I˜K(x) for every x ∈ K , then F has a fixed point.
Proof. The proof is a small modification of the proof of Theorem 2.1. Suppose on the contrary
that F has no fixed points. Let us select a point y0 ∈ F(x0) such that δ := d(x0, y0) < γ and
constants l and β such that 0 < k < l < l + β < 1 and l + β > δ/γ . Let
G˜ := Gr(F )∩ {(x, y) | d(x, y) δ}.
The set G˜ is closed (in view of the continuity of F ) and nonempty, because (x0, y0) ∈ G˜. The
space G˜ equipped with the metric D defined by (5) is complete. Let us define a function e : G˜ →
[0,∞) as in the proof of Theorem 2.1.
Now, we shall define a function ϕ : G˜ → Gr(F). Let (x, y) ∈ G˜. There exists a point x′ ∈ K ,
x′ = x such that
(l + β)d(x, x′)+ d(x′, y) d(x, y). (A.1)
Since d(x, x′) d(x, y)/(l + β) δ/(l + β) < γ , we obtain that dH (F (x),F (x′)) < ld(x, x′).
Therefore, there is a point y′ ∈ F(x′) such that
d(y, y′) < ld(x, x′). (A.2)
Let ϕ(x, y) := (x′, y′). As above, the following inequality holds:
D
(
(x, y),ϕ(x, y)
)
 e(x, y)− e(ϕ(x, y)).
Therefore d(x′, y′) = βe(ϕ(x, y))  βe(x, y) = d(x, y)  δ. Hence, ϕ : G˜ → G˜. The Caristi
theorem implies that ϕ has a fixed point: a contradiction with the construction of ϕ. 
Example A.2. Let us consider the space (R2,‖ · ‖1) where the norm ‖ · ‖1 is defined in Exam-
ple 1.4. Let K := {(x, y) | x2 + y2 = 1}. Let us consider a mapping f :K → R2 defined by the
formula:
f (cosα, sinα) :=
(
2|α|
3
+ 1,0
)
for −π  α  π . One can prove that f is a local contraction in the sense of Theorem A.1, but
it is not a contraction. Moreover f does not satisfy the inwardness condition (1) from the Lim
theorem, but satisfies the condition (4) from Theorem 2.1.
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